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Course Information

@ Lecturers:

o Feiko Drost (I: micro longevity risk and Il: interest rate risk)
o Christoph Hambel (IlI: macro longevity risk and IV: all risks combined)
o Okke Labout (tutorials)

@ The second half of this course ...

e ... provides an introduction to macro longevity risk and to applications
in actuarial science that combine all types of risk.

e ... directly builds upon the first half and does not require any
additional pre-knowledge.

o Grading:
o Exam 70%
e Two Assignments (15% each)
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What to expect?

@ What can you expect from me? | will...

e ... timely provide the learning material on Canvas

o ... also upload the slides with hand-written complements (some parts
of the slides are intentionally blank)

o ... illustrate the lecture by examples

e ... provide a lot of problems to practice the material

e ... be available for questions

@ What will | expect from you? You should ...

o ... be well-prepared when you come to the lecture
e ... actively participate in the lecture
e ... take the opportunity and ask me questions during the classes
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Structure of the Course (Second Half)

School of Economics and Manag:

Part 11l: Macro Longevity Risk

@ Introduction

@ Relevance of Macro Longevity Risk
o First Pillar: AOW
e Second Pillar: Pension Funds

© Modeling Mortality

@ Benchmark Model

o The Lee-Carter Model
o Alternative Estimation
e Some Applications and Extensions

@ The AG2022 Model and COVID-19

e Model and Projections
o Closure of the Life Table

O Model Risk: A Very Brief Introduction
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Structure of the Course (Second Half)

Part IV: Pricing under all Types of Risk

@ Setting

© lllustrations
o No risk
e Micro longevity risk
e Macro longevity risk
o Interest rate risk
o All risks combined
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Course Learning Goals

After successful completion of the course, the student will be able to ...

CG1 calculate the prices of basic term life insurance and annuity products.

CG2 determine prices of fixed-income securities with term structure
models.

CG3 apply mathematical and statistical tools to estimate and solve macro
longevity risk models.

CG4 compute software-based simulations, statistics, and visualizations of
micro- and macro longevity risk as well as interest rate risk models
based on real-world data.

CG5 analyze the effect of pandemics on macro longevity risk using the
model of the Royal Dutch Actuarial Association.
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Part Il

Macro Longevity Risk
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Recall: Longevity Risk
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@ Micro Longevity Risk 4ie = |~ }3;2

Risk because (for given death probabilities) an individual's remaining
lifetime is unknown.

The remaining lifetime of an individual of age x belonging to a group
g at time t is modeled as a random variable conditional on the future

death probabilities q)((i)sﬂrs, s=0,1,2,...

@ Macro Longevity Risk
Additional risk because future death probabilities are unknown.

The future death probabilities g¢); ..., s = 0,1,2,..., will be

modeled as random variables on date t.

Maco &A/{w”{? Al q,;‘jli cue Vs
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Life Table of Group g -

School of Ec

The life table for a given group g can be represented as

13(10) Ae) — time Zz 1)3
x=0 qo’to qO,t0+l cee OoiT ... | = Predictions
a(g) a(g) ... é(g) ... | = Predictions
\L Lty Lty+1 Ltg+T
2(g) ~(g) 2(g) .
age qz,zo qZ,t0+1 oo Q2,t0+T <+« | - Predictions
} A (2) A(2) “\(2) ot
x =10 qu " qualeoﬂ ces quax aT — Predictions

AG2022: xmax=120, Observed: ty = 1970, to + T = 2021, predicted:
to+ T +s > 2022
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Life Table of Group g: 2 Questions
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@ How to estimate/calibrate the observed part? —> | 1| ocd A i
© How to determine the predictions and the uncertainty surrounding

these predictions (macro longevity risk)?

1330 .
@ A (e
4o, q0,4,+1 Qo,,+7
¢ @1(50) q1(§)+ ql(fo)+T
VA N \ A
age qgiz q§i3+1 T q§i3+T
. NG
5
N
q)(cma)x N a(ia)x S+l q(ia)x S+ T
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Period Calculations and Co

School of Ec

@ Period Calculations

o Period calculations is using the columns (e.g., copy the final column) of
a life table to predict the next period death probability.

o This means that any future changes to mortality rates would not be
taken into account.

e Period life expectancies use mortality rates from a single year and
assume that those rates apply throughout the remainder of a person's
life.

@ Cohort Calulations

o Cohort calculations is taking future trends into account using models.

o A cohort life table uses a combination of observed mortality rates for
the cohort for past years and projections about mortality rates for the
cohort for future years.

e Requires a model.

— Period life expectancy would match cohort life expectancy only if there
were no changes in age-specific mortality rates over time.
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Traditional Approach: Naive Forecast

o Traditionally, macro longevity risk was ignored.

@ One assumed that the most recently estimated period death
probabilities hold true for all future years, i.e., for the cohort
(x,to + T) one assumed

(&) _ (8)

A is,tor Ths)™ 9xtstod T
—_—
predicted observed

for all s > 0 and all ages x.

@ This means that — if we ignore macro longevity risk — the entries in
the last column of the observation part of the life table equal the
entries of the prediction part.
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Traditional Approach: Naive Forecast
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Traditional Approach: Naive Forecast

— time |tu+TE

(g) (2) (g) e/
QO.ro 90_;0+1 qo_ro r). .. | = Predictions
() (g) (g) .. | = Predictions
i ql.ro q1_r0 +1 q]_,o h

(2) (2) (g) i i
o TS e ~ Hog r)\ — Predictions

\\
N
(g)

(2) g " -
b a 9 sl ™ e w7 Fredictions

« Observed —

(g) — @
qx+s‘rﬂ+T+s . qx+s,tﬂ+T
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Period vs. Cohort Calculations

Both period and cohort calculations have some drawbacks:

o Drawbacks of period calculations

e lIgnoring trends in death probabilities may lead to significant
overestimation of death probabilities.

o lIgnoring uncertainty in future death probabilities may lead to
significant underestimation of the risk in life insurance portfolios.

e Sensitive to (transitory) shocks, e.g., WW2, Spanish flu, COVID-109.

o Drawbacks of cohort calculations
o We unavoidably introduce model risk if we use forecasts.
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Current Practice

o Statistics Netherlands (CBS) and the Royal Dutch Actuarial
Association (AG) produce point forecasts for future one-year death
probabilities by age and gender.

— Are available on the website of the AG.

@ These point forecasts are referred to as best-estimate death
probabilities.

@ The AG-models also easily allow the quantification of (at least part of
the) macro longevity risk.

o To mitigate the effect of model risk, these best-estimate death
probability forecasts are revised annually (CBS, December), or
bi-annually (AG, September in even years).
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Recall: Some Formulas for Cohort (x, t)

e T-years-from-now survival probability:

P = Hpii)k e PE =1

><A
""v

@ Remaining life expectancy:

e)(ft) = Z Tpigt) +0.5
=1

o Value of immediate single life annuity:

o) (g) 1
Xt Tzl Tpx,t (1 + Rt(t+7))T

@ Value of T-years deferred single life annuity:

oo

(g) (2) 1
af(T)=> .pf 5 7
7t( ) = t (1 t(t 7_))
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Recall: Some Formulas for Cohort (x, t)
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One-Year Death Probabilities
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One-Year Death Probabilities -
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Remaining Life Expectancy (Age 25)
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Remaining Life Expectancy (Age 65) -
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Life Expectancy 65 year
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Remaining Life Expectancy (Age 80) -
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© Relevance of Macro Longevity Risk
e First Pillar: AOW
@ Second Pillar: Pension Funds
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First Pillar: AOW

@ AOW is the basic pension in the Netherlands that everyone gets, who
lived in the Netherlands.

@ This pillar is not related to how much the retiree worked.

@ The pension depends on how many years the retiree lived in the
Netherlands before retirement.

@ If the retiree lived the fifty years before retirement in the Netherlands,
he/she gets the full amount. If someone lived a shorter period of time
in the Netherlands, this amount will be scaled down proportionally.

@ Changes in life expectancy can affect whether the government can
afford AOW.

o Life expectancy has increased dramatically during the last decades.
o It is unclear whether and how it will continue to increase (macro
longevity risk).

@ Other factors such as the number of newborns influence the stability
and sustainability of the pension system.
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Increase in Life Expectancy
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Number of Newborns (Source: CBS) o
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Dependency Ratio (Source: World Bank)
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Possible Future Scenarios (Source: CBS)
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Possible Future Scenarios

One year death probabilities newborns (HMD)
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One year death probabilities 65 year olds (HMD)
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Possible Future Scenarios
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@ Best estimate projections were wrong in the past!
@ Macro Longevity Risk: Need to quantify the uncertainty around the
projections as well.
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Current Practice Reuvisited

e Statistics Netherlands (CBS) and the Royal Dutch Actuarial
Association produce point forecasts for future one-year death
probabilities by age and gender.

— Are available on the website of the AG.

@ These point forecasts ( “best-estimate” death probabilities) are
nowadays based on underlying models. These models can also be
used to quantify macro longevity risk, for example, in terms of
confidence intervals around the point forecasts.

@ Part Il of the course is going to illustrate this.
e The models are not only used to derive the best estimates.

e They can also be used to estimate confidence intervals describing the
uncertainty around the point estimates.
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lllustrating Macr ngevity Risk
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lllustrating Macr ngevity Risk
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lllustrating Macr

Period life expectancy for males at age 65
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lllustrating Macro Longevity Risk
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sion Contract

@ Describes the build-up of pension entitlements.

e Many different contracts.

o Alternative build-up percentages (around 2%).

o Alternative ambitions (nominal, real).

o Alternative indexation rules (price inflation, wage inflation).

@ Changes all the time...

@ New pension contract under construction...
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lllustrating Entitlements

@ Building up entitlements (for some given year t): (ownd¢ 1. e
Lt

T (JJ Tx = 3 T—xPx {Q
& AP R )

@ Notation:
t

e ]y
X : age
Ty . pension contribution
f« : pension entitlement per year
r—xPx : (T — x)-years survival probability of an individual of age x
R(T — x) : discount rate with maturity (7 — x) years

TRet x : retirement age for the generation of age x
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Putting it together

@ Balance sheet of a pension fund:

Rols FEply
Sloty
Deyve bives @

0 A0~ ’

Q)U‘( FS[/”A o lCcéVOa/é Hsersyes

afeb L& / /{'Onc(j

Lo Lyetatiis Lo Lo et

e Funding Ratio (FR) = Assets/Liabilities) Lo
A
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Funding Ratios
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Simulation: Annuity Factor (see Part V)
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Remaining Lifetime

o Let T)Ei) denote the (random) remaining lifetime of somebody of age
X, group g, at time t with probability distribution function ('Cd\ﬁ)

d g "
e F@O () =p(TE) < 7).

@ Assuming that the remaining lifetime has a probability density (,oc‘f)
function £.%’ such that f/; Fx:je) (r) - ﬁﬂ (+)

=> P(r < T)Ei) <T4d7) = fx(7gt)(7)d7'.
@ T-years survival probability of an individual of age x:

el =1-FA0)

5) _ (g)
ngé a AVDKPE
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Remaining Lifetime
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Pl ¢ T

N\

T AT

T (~ear) - BI(7) | 2 A | L

A~ 0
>we (el ) - /w,e (7 ]
y - _ (4)
Li AT - — q:x,é ( )
Af,vao d’T/
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Force of Mortality

@ The force of mortality (or hazard rate of death) is defined as

P.5S
>

0
WET) = 18 = =5 NGRS

representing the instantaneous rate of mortality at a certain age
measured on an annualized basis.

o Formally,

(&) — 4
ﬁﬂﬁ :/Mﬂ(ﬂ; ' { [JFME) /'Lxg‘H' t+7 7 ‘[ ;3/7” w’r')
( | 'T"x,

@ The instantaneous survival probability can be rewritten in terms of
the hazard rate

P(r < T <7 +dr) = £8(r)dr = &, - pEldr
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Force of Mortality: Intuition

2

i

é We ose Lec pusd WQ# deo lt, /qﬁdw
II\A(/LWO L’ (,\)PW/( Sorvf(/ PrMQﬁJ/AFCJ )

expoctiel [ty
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Force of Mortality

School of Ec

@ Integrating the force of mortality ,uE(ng)T iy = —aT In(- (g))}ylelds

(c s 0
HL = ) Mntr == [ oot = i),
0

o Consequently,

sp>(<gt) = exp ( / /u)(<g+)7' t+TdT>
0

@ Assumption: /u)(f’;)T thr = /L)((gt) fo<rT<1

@ Under this assumption, the survival probability is

& =exp (s 1)) se(0,1]
@ In particular, the one-year survival probability can be rewritten as
P>(<gt) = lpxi = ( Mggt) )
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Decomposition

° Letm Then, the 7-years survival probability is given by

’_EF,"—P Tp)(<gt) T p)((gt) T2p£g2T1,t+T1‘
0 T

@ Proof:

9)
/T/ PX\€

xX+y

o =

€

T ag)

T
9)
) i de e s

[g ) /UA* L (

6*504/‘“*“/J°”J\ L /V‘Ms Les dS

x

a,t
/ /L/twi Lo A F/—‘ /7;’ /Z/f/'iz)s/éfs 5{3

(3) ()
#Pxe 7 waﬂ] . A

e
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Decomposition

@ In general, the T-years survival probability can be decomposed into

T—1
2 =] P iine P& =1-49).
k=0

@ Here, the one-year survival and death probabilities can be rewritten as

@ Moral: Modeling the force of mortality is sufficient to model the
survival and death probabilities.

— How to estimate the historical force of mortality? —# Fe... (L)
. .o LGelibpod
— How to model the evolution of the force of mortality?

Ly Lec- Cubs tmodl | 6 - modd
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Example: Lexis Diagram

// bl Ly

...
/ / e ,Ow/om/('(/H“)
s e // A /K o e dd Lm ,omi»cJ

J

» v ]
VA 7 oy o b o
A7 7 bt bud o el

e

t—1 /,,% t+1 t+2 J{.L }DUFWM wm

now
@ l/lu'l\‘J ol M MMG Ot Y N Coc L b
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o Let nﬁi) lives contribute to the observations in the white square (Lexis

diagram).
o Assume lifeli £ N&) = {1,. .., nf(gt)} is observed between the ages of

x,t

x+ tiand x + s; (with 0 < t; <s < 1).
@ The exposure E)Ei) is defined as

(&)

nx,t

E)Si) = Z(S; - t,').

i=1

° D)(ft) € N denotes the number of deaths observed in the white square.
)

° I)Ei) - N)(ft is the subset of observations i terminated by death.
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Example: Lexis Diagram
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// /

N

B

/
oy
o 7 c) 4ym0w 8708
x //*//// -
Woe4

‘e
/ B = 7 (-4
/ / / 1=/
t-1 t t+2 = 04~
¢g/ 79) ‘ = 04
O%e = 4 Ihjk :% 11
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Likelihood Function
ﬁ(j) ) P‘i! ..-T;:I‘j) ; F;(I Coed [

P
@ Assume that the n( ) lives are independent, i.e., their remaining

lifetimes T( t) are stochastlcally independent.

—y)

@ The likelihood of the n(gt) observations is ..~
qﬁ‘jgﬁ- D)((e s L?V(HML( NK!E D?(:]L) Il/, JJVOJWQ

18 =TT £ (si— ) T] (1 - A&y u(si - 1)
dﬂmﬁj“’?ﬁ

_ (&) ()
= H iuers,,tJrs, - t/px+t‘, H si—tiPx+t; ¢
’¢I)E,t

IEIXt )

X4
@ Using our standing assumptionﬁ;)(fr)shtﬁl ,uX t, si, @€ [0, 1]:

Sf*tip)(fk)fi,t = exp < ( t’)MX+S,,t+s, i) = exp ( - (Si - ):“E(gi_?>
~
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Likelihood Function

School of Ec

(g).

X,t "

(2= T delom (-~ 2) T o (- - )

icl'® l(}_fl(g

WH exp ( — (s — )u%)
’IEJQQ/_/ N)(ft)‘(/ ol fw 0&/)8/4{_\

= ) e (= 3 (51— 0)u®)).

ien®) - 6-/“'{2 (¢;-¢)

@ Consequently, the likelihood can be expressed in terms of p

&)
@ Recall: exposure is defined as E)Egt) = Z, 1(si—ti), ie.,

L = [ e (- ED)).
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Maximum Likelihood Estimate

@ Maximizing the likelihood function

(g
1) = (1) exp (- £90))

w.r.t. ,u(g) results in the maximum likelihood estimate
@ DE
ML~ ecllonr Migg = E)(;)' - Wx\%b
X,t

(8)
. D¢
@ The ratio % is called the raw central death rate and usually
x t )
(g)

denoted by my
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Proof: Maximum Likelihood Estimate

© . g | Dxe _ B
R o R //a
()
x%t - (9) =1y ! )
' — ///1x, & E;><,g —

ML -esl-bhv
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Central Death Rates
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Dutch Males Dutch Females

B €
E < s
g g
8
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-12 12
100 100
1970 4gg0 5 1970 g0
1990 _——50 1990 50
2000 5010 2000 5919
\“‘% 20200 Age Year 20200 Age

Term 20
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Measuring and Modeling Mortality

School of Economics and Manag:

© For past and present periods, we estimate

~(g) (&)

Pxt = exp(_mx,t)a
68 =1 - exp(~-m#)
(8)
: (&) _ Dx
with my>) = Ex(ig'

@ For future periods, Dy .. and E, +y . are unobserved, and we need
models to predict the future probabilities

p&) = exp(—18)),
qxgt) =1- exp(—,u)ft)

o Lee & Carter (1992) and others: directly model m)(ft).
e AG2022 and others: model Dijgt) | Ex(i) ~ P(ufngX(’gt)).
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Life Table of Group g

Lee- Covlns ModA

(&) (®) — time () qL
~\8 & ng .
90,1, q0.1,41 t Yogar ... | = Predictions
2(g) N (g) ~(g) ..
1 QI,zO ql,toﬂ e ql,t0+T ... | = Predictions
gle gle) o8 .
age qz,zo qZ,t0+1 qz,W +++ | = Predictions
N
~(g) " (2) 71(2) .
quax,to quax,z0+1 o qxlnaxﬁto'l'T .+« | = Predictions
< Observed —
qg) = 1 €exp (_ma(ft)) Model
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The Lee & Carter (1992) Model

o Lee and Carter (1992) directly model the evolution of the central
death ratef;”l:] in a parsimonious way.

o Death rate evolves stochastically, according to the dynamics

In(m®)) = a®) ¥ e Iﬁ(g]m hedit

Ay Sprd c Se»s va»‘ '{_j b L,MJ celad dule
where €(g) ~iid N(O, a ) ) and are age- speC|f|c reles
parameters

@ Dynamics of the latent factor, typically modeled as a random walk
. . C
with drift: /45/%{73) . Cf‘ﬂ) + E;(j)
8 — cl0) 1 k) 4 5,

where (5£g) ~iid. N(O, 0§<g>)-
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7(g)

Given the estimates of oy , and k;°’, we can forecast the best
estimates of the death rates, and hence the death probabilities:

~(g) ng)

n(mE),,)=a® + BORE) =1, N

Consequently,

@ Original approach: Lee & Carter (1992):
o Estimation of a8, ﬂ , ) by singular value decomposition (SVD).
@ lterative minimization of sum of squared errors:

[In(m g)) o agg) . ﬁ)((g),{gg)]2

min .t

ol B8 k() 7
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Estimation: Original Approach
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@ The input to the model is a matrix of age-specific mortality rates (a
life table of group g).

o Let X be a set of size X of included ages, e.g., X ={0,...,90},
X =091. -
o Let 7 be the set of size T of included periods, e.g.,

o First step: estimate aig) as the average over time of In(m

xeX, teT:
1 T

@ Second step: Calculate the matrix

&)y,

M(g):( n(m g))_a)((g) c RXXT

Myt )xGX,tET
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Estimation: First step

- 201 2 htelley —e ﬁ:ﬂ“{ﬁj

QAX Xt %t

_ . ') I = {5)
L{é Covlos . ( Z K)( - ﬂ / ? L/Ke =0
S €

o - — lmffi) _ [/ -0 \\/ )
2 2:, [l/w( xit ) 9<»<] Uwﬁulﬁj(
. fan e e
. A | (9 o
> / 0<)(3) - tr? Z/ L | i, L ) ;,le,f,f)%)wbm.

£
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mxn nxn

7

1

1

1

vV V

= Iy
3

1

1

- 1,

https://commons.wikimedia.org/w/index.php?curid=67853297
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Estimation: Original Approach — SVD

School of Ec

o Third step: Singular value decomposition can be performed
numerically.

@ Applying the singular value decomposition to the matrix

M@ = (In(m&)) — a® e RX*T

x,t )xeX,teT

yields three matrices U(8) € RX*X ¥(8) ¢ RX*XT and V(&) e RT*T
such that

Me) — yle)y(e)y(e)
@ Unlike standard OLS estimation, this method is not plagued by the
existence of multiple local minima. According to the

Eckart-Young-Mirsky Theorem, the global minima can be directly
obtained from the SVD decomposition.
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Estimation: Original Approach — SVD

School of Ec

@ Fourth step: Calculate the estimates @g), k\(tg) from

U@ = (. uE)) e RXXX and
vie) = (vl(g), ce v(Tg)) e RT*T,
@ Skipping all the technical details, one obtains under appropriate
normalizations (3, v 3% =1 and DoteT /i(tg) = 0) the estimates
B\)((g) _ ugg)

)

Egg) _ Z%*I) Vl(g)7

where Zggl) is the largest singular value.

@ Remark: The original SVD approach is equivalent to LS estimation.
We will discuss this in the tutorials.

L Pt Ha,
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(&)

o Fifth step: Simulate KT g

i=1,...,N, ie., for N additional years.

@ One has to specify the dynamics of the time trend /@(g)

@ Well established and typically a very good fit:

S =@ 4 58, 4 58
T
Consequently, the time trend evolves like a random walk with drift

AR — o) 4 5O

L’ﬂ/_/
) ()
e Estimation: U=z,
T (g) ()
GOSN, oV B Sl
T-14 t T-1
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Forecasting

@ Sixth step: Use the simulated data to predict the best estimates of
the future death and survival probabilities and to estimate confidence
intervals for these variables.

& and m'€)

@ Perform a Monte-Carlo simulation for KThe Tt i.e.,
simulate a large number of paths w € €, say | Q |= 10, 000.

@ Compute for each path w € Q the survival and death probabilities

L)
ﬁff%-l-ti(w) =¢€ X7T+tf( )’ /q\ff%—l-tf(w) =1- b\)(f;'-l-t,’(w)'

e Make a probability distribution (e.g., a histogram) for the forecasted
probabilities.

@ Derive the relevant moments from the resulting distribution such as
mean, median, standard deviation, skewness, 5% and
95%-quantile,. . ..
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Best Estimate Forecast
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€S ‘9 ‘9) 1 %
2 s)
= < 8 9 o
@ (‘"’ Wixy = % Uy Ho g)v:é
= x . 0.03 x
0.025 1
(@) _
0.02 Zﬁx =1
x
0.015
0.01
0.005
-10 o .
o 20 40 60 80 100 o 20 40 60 80 100
Age Age
(9)
50 e
ol
0 Best Estimates:
-100
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st Estimate Survival Probabilities
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Best Estimate Period Life Expectancy
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Best Estimate Cohort Life Expectancy
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Macro Longevity Risk — Forecast Error

@ We now consider future periods:
ARE) — o) 4 5
@ These dynamics imply

n(f}rt’_ = /f(f) +t-c& 4+ Z 5(7‘-"10
N———r :
j=1

Best Estimate —_—
Forecast Error

@ Because 5§g) ~iid N(O, ag(g)), the distribution of the trend
component is

’f(ﬁ)rt,- NN(ﬁ(f) + t - c(g), £~ Ug(g))-
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ngevity Risk — Survival Probabilities
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Period Remaining Life Expectancy at age 65
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Macro Longevity Risk — Cohort Life Expectancy
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Ordinary Least Squares

@ Assume the Lee-Carter normalization (3, . @((g) =1and

DT “gg) =0).
@ In/Problem 9] it is to show that the estimation of a ,ﬁx K by
the Singular Value Decomposition (SVD) is the same as m|n|m|2|ng

the sum of squared errors
. 2
min Z [In(m)(ft)) - oz)((g) — ﬁﬁg)ﬁ(tg)]
ol 88 & 7

w.r.t a)(;g),ﬁig), /ﬂgg).
@ This minimization is typically done iteratively'
@ minimize w.r.t. a( (all x), keeping all ﬂx ,/Qt fixed,
@ minimize w.r.t. BX (all x), keeping all a)((g),/-@gg) fixed,
e minimize w.r.t. /f(tg) (all t), keeping all ai ), )(gg) fixed,
o keep iterating until convergence.
@ We will now dive deeper into this issue.
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The Necessity of Normalizations
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o If a8, 38 %8 minimize the sum of squared errors
Z [|n( (g)) . ag(g) . B)((g)k\gg)f
X,t

~(e)
then also a8 = a® + ¢ B(g B le) — Qﬁ ~(g R _a

AR

@ So, we need two normalizations. Standard normalizations:
D oxex ﬁ>(<g) =land ) .7 Hgg) =0.

@ In the sequel we shall compare the standard normalization to the
normalization of Liu et al. (2019a & b), i.e., ., 88 =1 and
D oxex Ox alf) =0 (see Problem 11).
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Interpretation of Normalizations

Lee-Cby 57 g 2 0
€T

© oy ;;wu/)/tfl oL HW, (%&Lc s oo
' FJ Coreyyes %/ﬁ j/w«/; /7 /

s cu F'.M&A 'j - o4>(

(7)

z/‘]u ELD/Z Zjoé)( = 0
xcl

ey el ot

® ‘+O, L'O& %ﬁp §(/xu/z,,v/q /””}c[/u Jm/ %O WS 7/

/P
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Standard Normalization (Lee-Carter)
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@ Choose starting values for Sy (e) , ﬁg) (with alf T Zt 1 In( f(gt))

and under the standard normallzatlodmand
[ZtET k) = 0). o

o Take average over x: el 4
29 Al = 57) ‘
V% L Li/l Mxik /Z/ L ( ’S x;éc’))

xek xek -

M/Z + /%3/2_, 3);4/ 7;4‘2.1 .2

c?
o Take time differences and then average over t7— %/

LA[/M(W/\S} = ZA( o( \j)+ /Z ﬁ)'}(;%} + {——k )(JLN
+cfl;’

N /Z’z‘@ LT iy FZT
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Estimates
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Alternative Normalization (Liu et al. 2019)

o Liu et al. (2019a,b) propose an alternative normalization which makes
estimation of the Lee-Carter model possible using linear regressions.
(&) gle) ,.(e)

e Choose starting values for ¥ B8 k8 (under the Liu
normahzahon)ZXeX B =1 andkzxex aXFg? = 0{5

o Take sum over x:

(q) /fr’ — s)
LT L) 2 L g e o

xel d L
- c “g)
- /V\L Vos EnE
@ Run regressions for each x: L--—>\-é
LLh

(S5)y rq) 9
Lo tws’) = ot B v g,

(4) “9) ‘9)
~ 0<><J + B 124 + Ext
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Alternative Normalization (Liu et al. 2019)

@ Start from the Lee-Carter model In(m)(ft) =al® 4 ,B)gg)ngg) + eff,?

combined with the normalization > _ B)((g) =land ) .y alf) =

@ Define
29— Y () = 3 ol 4 AN 1 o)
XEX xEX
— K Tl
xeX
[ (e)

@ Assume now a random walk with drift for ngg):

’ (8) (g) (8) +5§g)

Ky =¢C + KR

= O 4w 6
= 20 =04 7)1 50 ]|
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Alternative Normalization (Liu et al. 2019)

o Next, we substitute
20 = )1 208) 4 (5 4 o) — off)
into

- |n(m>(ft) (g)+5(g (&) +€(g)

@ Thus, we arrive at = (7

(g)

= In(myy) = ax
(g) _ _(g) (g) (g) g (g)
@ The parameters in these equations can be estimate% in a single step,
applying standard linear regression techniques (possibly using
instrumental variables).
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Estimates (Liu et al. 2019)

ui“’ (Normalization Liu et al., 2019) ﬁff’
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kY vs. S, log(m(’)) (Normalization Liu et al., 2019)
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@ Lee-Carter is not the end of the story. It is rather the benchmark
model that can be extended and modified into many dimensions.
@ Modeling is always a trade-off between:

e Tractability
e Parsimony
e Accuracy

@ Unfortunately, there is no unified model that works best in all
countries and in all populations. Instead, some of the variants work
better in some countries, others work better in other countries.

@ We will now briefly discuss some of the extensions and alternatives:
e Trend correction

Alternative estimation approaches

Jump-off bias correction

Alternative models

Multi-population models

Christoph Hambel (TiSEM) Life Insurance Spring Term 2026 101 /191



Trend Correction

@ Lee and Carter proposed to correct the estimated trend to fit the

actual number of deaths, i.e., replace /ﬁ;g &) by I-i(g) where rs(g) is

chosen such that

Z D)(f) _ Z E(g) exp (A(g + Bt 2(8)~ (g))

xeX xeX

@ Alternative estimation methods (see next slide for illustration)
incorporate this correction step.

102 /191
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Alternative Estimation: Brouhns et al. (2002)

School of Ec

@ Instead of SVD or OLS estimation, one can also apply a maximum

likelihood approach to estimate the parameters a(g), )(<g), mgg).
o Avoids homoscedasticity of the errors occurring in OLS/SVD
estimation.
o Notice that the logarithm of the observed force of mortality is much
more variable at older ages than at younger ages.
@ Brouhns et al. (2002) model the number of deaths D( t) as
Poisson-distributed random variables.

@ Remember

D'8) would thus be

@ A reasonable model for
~ D | EE ~ P(RER).
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Alternative Estimation: Brouhns et al. (2002)

o Consequently,

D(g) | Eg) P(e” al8) +p8) i E(g;)).

Set up the log-likelihood function over all observations (x, t) and

maximize it with respect to all aig), >(<g), nﬁg):

®) 4 58, (@)
Uo, Br) = > [D( (08 + BB — L&) ol +oE e
(x,t)eXXT

@ This maximization has again to be done iteratively. Normalizations
such as ) .y Bx ©) — 1/and doteT /@Eg) = 0 are also needed again.
This method is applied in the AG2022 model.
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Jump-off Bias
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log (mgf%on)
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Jump-off Bias Correction

o Lee-Carter model: r’ﬁig)TH = exp ( ae) + ﬁx HTH) i=1,...,N.

@ Problem: possibility of jump-off bias, i.e., r’ﬁigT #* m)(f.),-, where the

latter is observable.

@ To avoid this jump-off bias shift In ﬁv)(f-),-+ t A(g) + B(g)/i(-ﬁ)_t by

Inm&) — @¥ + BERE)

to get an alternative forecast (correcting for jump-off bias):
)((g_)’_H A(g + 5>(<g)"0(7§4)r +1n m(g) @ )((g) + B)((g)k\(_’g))
o)+ B, - )

Inm
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Jump-off Bias Correction and Reduction Factors
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e Going from the forecast m(g)TH = exp (A(g + B nﬁit)
i=1,...,Nto

05 = i)+ 5064, )

means replacing

o 4 = 23 erin m(g) by &8 = In mS)T,
° ’V':(Tj-t, by ’{('Igj—t, = H(ﬁj-t, A(Tg)

@ This way of avoiding the jump-off bias corresponds to the use of
reduction factors

~(g) (&) RFSft),-

mx T+t — mxT

with RF&) = exp (ﬂxg)[ﬁ(ﬁt 7)),
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Many Alternative Models

o Extensions of the Lee-Carter model
o Extra factor(s):

In(m®) = a® + &) k8 + pEKE) + ... + )

o Cohort effect:
In(m (g)) +ﬁg) (&) 4_7( g) (g) +€(g)

o Modeling alternative indicators
o Cairns-Blake-Dowd (CBD-)models, see Exercise 15:

g

(%)

o Oeppen (2008):

Life Insurance Spring Term 2026

Christoph Hambel (TiSEM)

School of Economics and Manag:
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Interpretation of the Time Trend

nd M
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rmance in Different Countries

TILBURG # § UNIVERSITY

School of Economics and Management

Average root mean square error (RMSE) over forecast horizon h of
the forecast life expectancy at birth for the period 1990 to 2014,
with the best RMSE value per country in bold and preferred set of
models (SP) for 18 countries, females and males

Females Males
Country M Q D L E SP Country M Q D L E SP
DEU-E 126 125 1.17 113 1.01. M,Q,D,L,E DEU-E 235 235 222 211 193 E
DNK 117 115 076 091 096 D DNK 216 216 208 203 188 E
IRL 1.08 1.07 087 086 0.61 E IRL 213 212 209 190 1.67 E
PRT 0.77 075 045 035 1.10 L NLD 175 175 174 168 147 E
JPN 067 072 188 159 157 M NOR 171 171 166 162 143 E
UK 065 0.64 0.38 047 040 D PRT 150 149 111 078 044 E
NOR 050 048 0.24 028 026 D ITA 128 127 096 092 052 E
NLD 050 049 056 051 049 M, Q,DLE ESP 125 123 0.81 078 052 E
AUT 0.47 046 036 033 033 MQ,DLE UK 123 122 093 098 088 DE
USA 0.43| 044 066 057 060 M, Q CHE 120 1.19 079 0.89 078 D,E
ITA 031 030 052 041 076 Q AUT 111 111 085 0.83 062 E
AUS 027 0.26 0.38 030 040 M, Q,L SWE 108 1.08 093 095 0.81 E
ESP 024 0.23 0.33 034 087 Q FRA 1.03 102 053 066 065 D
FRA 023 023 069 052 059 M DEU-W 0.92 091 067 066 042 E
FIN 022 022 084 054 046 M, Q AUS 089 086 052 055 048 E
DEU-W 0.21 021 0.64 049 065 M FIN 087 086 042 056 047 D
CHE 021 022 082 059 058 M JPN 059 062 159 123 125 M
SWE 0.17 0.18 054 038 038 M USA 049 048 027 028 024 E
Mean 052 0.52 0.67 059 0.67 Mean 131 130 1.12 1.08 0.92

M.-P. Bergeron-Boucher,

Christoph Hambel (TiSEM)
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Multi Population Models
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s and Management

4 92 oy 19)
+ X R ol

o kmﬂx_z) -
o Li and Lee (2005) o opce eflect P Lot

e Different populations do not live in |solat|orJ In tea there is a lot of
interaction. Ewrope ef fer b oend oul popdea

o Therefore, it seems implausible that the mortalities of similar
populations will diverge in the long run.

o Similar populations have a common (non-stationary) time trend, while
the difference between each population’s time trend and the common
time trend is likely stationary.

e Traditional estimation to be done in multiple steps.

(§H,EO (\C])Iolex/.

/Mliji = /M/X)C ﬁ/‘/")(,b

o Application: AG2022-Model
e Similar populations determined based on GDP per capita.
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Table of Contents

© The AG2022 Model and COVID-19
@ Model and Projections
@ Closure of the Life Table
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Lecture Learning Goals — Lecture 12

The lecture learning goals contribute to course goals [CG 4] and [CG 5]:
After successful completion of the course, the student will be able to ...

CG 4 compute software-based simulations, statistics, and visualizations of
micro- and macro longevity risk as well as interest rate risk models
based on real-world data.

CG 5 analyze the effect of pandemics on macro longevity risk using the
model of the Dutch Actuarial Association.

After successful completion of this lecture, the student will be able to ...

LG 1 critically evaluate the three layers of the model of the Dutch Actuarial
Association. [CG 5].

LG 2 implement the model of the Dutch Actuarial Association in a
computer system and simulate the model forward [CG 4].

LG 3 interpret the effect of the COVID-19 pandemic in the historical data
and as a model outcome on life expectancy [CG 5].
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General Structure

@ So far, we have dealt with the Lee & Carter (1992) model and some
of its variants. We now look into the AG2022 Model and COVID-19.

@ The AG2022 Model consists of three layers (a so-called three-layer
Lee-Li model):

o A layer for the European population. — |, C.lv
e A correction layer for the Dutch population.

= e ﬂ e L
e An extra layer for COVID-19. EO bk
@ The first two layers are as in AG2020.
Fixed Dynamic Fixed Dynamic Dynamic
Europe Europe

Deviation NL  Deviation NL COVID in NL

e

(,o'\M Lohd
9 )= 49 919 g Y, bl T
) = BT B B L
(4) . , A&~ 2s25
E [ D}(le - ///1,\,’[2) Fr ¢) Tg::z::ect Time effect Time effect

Deviation NL COVID in NL
/¢) /\\j
DX / »qsé /‘/Zg[/”‘g)'«’//

Christoph Hambel (TiSEM)
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Relation to AG2020: First Two Layers

The AG2022 directly builds upon AG2020.

@ Surrounding countries selected based upon comparable welfare level.

AG2020 re-estimated with data EU 2019 added (but data 2020 &
2021 not included). befes CoAb

o EU data: D&Y, E®FY + = 1970,...,2019, x = 0,...,90
o Dutch data: D&M E®M + —1970,...,2019, x=0,...,90

@ AG2020 is basis for long-term projections.

@ The third layer is due to COVID-19 and is new. It is calibrated using
data from 2020 and 2021, 2072 2°0¢
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AG2020 Model Re—estimated,jég?;;@ﬁ

@ Number of deaths (D)(ft)) modeled assuming a Poisson-distribution

with expectation equal to exposure (Eii)) times force of mortality
( (g),pre—covid)_
X,t .

,pre—covid
— D)((i) | E)Ei) ~ P(E)Ei)ﬂ(g) p! )

X,t
@ The long-term mortality trend is estimated based on the European
reference group:

Inlulgfg,prefcovid,EU _ Ag(g) + B)((g)Klgg)

@ For the Netherlands mortality is estimated conditional on the force of
mortality of the European reference group:

|nu)(ft),prefcovid — Al B)((g)Kt(g) +al® 4 @g),{gg)

@ All parameters are estimated by maximizing the corresponding

likelihood functions.
Christoph Hambel (TiSEM) Life Insurance Spring Term 2026 118 /191



AG2020 Model Re-estimated, t < 2019

rq). pve —covd cg) r %) ‘ [
Ln /{/v 6/P = A Kxﬁ))fdg)* K><9 . B “éf)
- > Y —
1§) preDd EO Ll 5y, preendl e
{ (Rre =~ } /*,g
+

JxiE
= (/v\ 19), pecAdEO g),pvf’w»”/ct“)
//bkl‘é /M)qé
. [\5),pvc~c.v0£ (o) pe-c.d ,EO o
/> it = el ’bJ//’"‘”Ja/d‘e

/M’?“é ) Pt
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[ l/)onm[ﬂ),\,/u% Co lee-au by | ZVKO),.
EUA, EUB, l )Sx =1 EUK, ~f 0
0 0.025 60
Age sensitivit:
g i o N
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EU trend 2 4
-4 A 0.015 4
.y o \
e \l 0010 k/ S
20
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20 Model — Simulation

@ The European period effects, Kt(g), are assumed to follow a random
walk with drift (as in Lee-Carter):

AKE = ) +/eﬁz")]

@ The Dutch period effects,@are assumed to follow a first-order
autoregressive process with constant:
ARE) — 4®)58) _ c(6) 4 5(8)
= o[ EV_o ) o |5V
@ The error terms are assumed to follow a multivariate mal
distribution with mean vector 0 and covariance matrix C.
@ This combination of assumptions results in coherent projections:
o In the long run the difference between the Dutch and the European
death probabilities converges to zero, but: -
@ In the short run the Dutch and European death probabilities might
deviate.
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Third Layer: COVID-

4,000

w

Number of deaths
N
=) =]
[=] =]
o o

°
=]
o
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=]
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=}
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N
°
(=]
o

Mortality full year 2020 male

[ Projection AG2020
I Excess mortality
[ Subnormal mortality |
= Mortality difference

0 20 40 60 80

e
Mortality full year 2021 male

[ [
[ Projection AG2020
I Excess mortality
[0 Subnormal mortality |
= Mortality difference

0 20 40 60 80
Age

4,000

3,000

Number of deaths
N £
(=]
o
o

°
(=3
S

R
=]
=]
=]

Number of deaths
N N
r=) =)
=3 i=3
o =]

Mortality full year 2020 female

[ Projection AG2020
I Excess mortality
[Z71 Subnormal mortality
= Mortality difference

0 20 40 60 80
Age

Mortality full year 2021 female

[ Projection AG2020
I Excess mortality

[0 Subnormal mortality
= Mortality difference

0 20 40 60 80

@ Clear impacts of COVID-19 in both 2020 and 2021.
o Age effect in AG2022 differs from age effect in AG2020.

UNIVERSITY

School of Economics and Management

Christoph Hambel (TiSEM)

Life Insurance

Spring Term 2026




+ UNIVERSITY

Third Layer: COVID-19

s and Management

e Data from 2020 and 2021 cannot be used for normal update.
@ Change to weekly data:

o Customized data needed, plus interpolation and extrapolation.
o Seasonal effect.
o New age- and time effect.

0.85
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Third Layer: COVID-19 Tuauno

School of Economics and Manag:

@ To describe the deviation in mortality in 2020 and 2021 relative to
what is expected on the basis of data before 2020, we introduce a

new age effect@ and new (week-based) tlmeserles\ﬁ( )2020 for

2020 and (&), [for 2021.

@ The seasonal effect determined earlier is also added.
@ Three factors:

o the pre-pandemic estimate for a given year (an AG2020 model update
with datapoints until 2019),

o a seasonal effect for a given week,

e a new factor representing the impact of the altered circumstances since

the pandemic: S&«/w.{ z//ﬂ/i J]Moo %l ;4
l had caLm
In N)(ft) —In M(g) pre—covid | ¢W + ;B(g\fﬁ(g)

@ The time effect of COVID-19 E@varies significantly across weeks.
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Third Layer: Age Effect . S
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0.06

B [8) ’I\\
0.05 X —N\
0.04 = 5 =Y
0.03 /?\,

0.02 /’V" FZ==
’
/
0.01 A@"Y,{N
0 R
wn ~ o ol m wn ~ a i m n ~ [} — m wn ~ o
wn 2l n o o =} [X=} (=] ~ ~ ~ ~ ~ =<} e} =] 0 [=e]
-0.01
-0.02
— Male Female ---Male aggregate Female aggregate

@ Using weekly data allows the estimation of age effects based on more
than 2 (annual) data points.

@ No effect until age 55, constant from age 90.
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Third Layer: Time Effect T“TU"

20

/3)
; N S,

N7
\ Vo T v
N WL, |, V0N LA
- T O o L Y T U I
-5
(Zofla ZO'ZA
-10
—— Male Female ---Male aggregate Female aggregate

e Time series for difference in mortality (whether or not due to COVID)

relative to AG2020 model (with update 2019 data).

o Aggregating week effects ﬁf,vgy)t gives estimate of the impact xﬁg) for

the whole year (dashed lines).
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Third Layer: Projection Model

o Estimating the impact for a whole year is the starting point for
projecting future years.

@ For the course of the projection further assumptions are needed.

@ Choice CSO: disappearing (exponentially), i.e.,

x{8) :{36/%;}7”2021, t > 2021

A2 —
with}n = 1/2] which implies that the half-life of the impact equals
oneyear. | /z _ 3/(7 0 Doth
@ This assumption determines the ‘best estimates’ for all future values
of the time series in the model.
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Third Layer: Projection Model
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Third Layer: Projection Model =
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Closure of the Life Table

@ Problem: The AG2022 model uses mortality data for x =0,...,90. If
x > 91, the data becomes rather noisy, because the population older
than 90 is small.

@ To deal with this issue, the AG2020 model used a popular method to
extrapolate mortality rates for older ages — the Kannisto closing

method.
@ For the ages x € {91,...,120}, ﬁig')l'th is determined as
90
A= L2 wOILT (@,)).
k=80
where L(z) = 1+e_2 and L7Y(z) = In (%) and some weight function

wy (see Assingment).
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K:
Kt
X
t
Ac By ox Bx B, ux(t) 2020 2021 2022
x 0 x O
modelfit I
90
91
extrapolatie parameters
120 120
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Issues with Kannisto

s and Management

@ The Kannisto method was standard in the AG-models and has been
standard in many other forecasting models to deal with sparse data
points in older cohorts.

@ This method has some drawbacks:

o Not all ages show improved mortality over time. For higher ages
mortality rises monotonously to a positive and limit value that is known
with certainty, lim;_, Eif(f"T)H = 0.6321, x > 101. As a result, life
expectancy also converges to a limit value known with certainty
lime—so0 €57 = 102.08.

o Because the limit values are known with certainty, uncertainty
decreases (smaller confidence intervals) over time, while we expect

increasing uncertainty (wider confidence intervals).

@ The new method in AG2022 addresses this issue and closes the life
table without knowing limit values with certainty.
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Closure of the Life Table e e

g
By + Extrapolate In(BY) linearly

0029 + Interpretation:
0.02 4 all ages benefit from
0.015 decreasing trend in K,
0.01 = ==
0.005

o T

0 50 100
A9
* + Determine AY such that in the
0 =5 T last sample period (2019) the

> 4 same EU death probabilities

-3 2 result as in case of Kannisto

-4

-5

-6 1

-7+ —— male ------ extrapolation

:g pl female extrapolation

-10
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Closure of the Life Table

g
%x + Extrapolate «f linearly to af,, =0
0.2 - Interpretation:
Ol e for age 120 no difference
o1 8 50 100 between NL and EU.
-0.2
-0.3 W/
-0.4
-0.5
-0.6
g
0.05 Bx + Determine gJ such that in the
0.04 last sample period (2019) the
0.03 same NL death probabilities
0.02 ML \M ) I result as in case of Kannisto.
0.01 " M
0 F-- " J\p\l J\'\ // 3 .
0.01 50w 100 male  ------ extrapolation
-0.02 female extrapolation
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Closure of the Life Table
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RI
%_x_ » Parameter COVID-term
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Closure of the Life Table e

@ The new closing method does not have the undesirable characteristics,
which we observe in the application of Kannisto per projection year.

@ There is no turning point at a certain age: also, at higher ages the
death probabilities keep decreasing.

@ The life expectancy does not have a limit whose value is known in
advance.

@ The confidence intervals do not become smaller over time.
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@ Model Risk: A Very Brief Introduction
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Model Risk e

Three dimensions of model risk:

o Parameter Risk

o Parameters (aig), (8) ngg), etc.) must be estimated, resulting in

sampling inaccuracy.

o Misspecification Risk
o Choice of model might be wrong.

o ldentification Risk

e Even if a model represents the past well and accurately, future might be
different from past, i.e., past might not be representative for the future.

Process risk refers to the risk that the process evolves different than
expected (e.g., generating too many paths outside the 95% confidence
intervals).
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[llustration Process Risk
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Part IV

Pricing under all Types of Risk
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@ Setting
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Ultimate Goal of the Lecture

@ Now, we have gathered all the tools and techniques to price life
insurance contracts and annuities in a realistic setting.

@ We consider three different types of risk
o Micro Longevity Risk (Part I): risk because (for given death
probabilities) an individual's remaining lifetime is unknown.
o Interest Rate Risk (Part Il): risk because future interest rates are
unknown.
o Macro Longevity Risk (Part Il1): risk because future death probabilities
are unknown.

@ We study the pricing of life insurance contracts and annuities in
various settings:

No risk (tedious but useful)

e Micro longevity risk

e Macro longevity risk

o Interest rate risk

o All risks combined
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Recall: Three Sources of Risk

School of Ec

@ Micro Longevity Risk (i.i.d.): N)(<g—;-)t,T+t ~ B(N)(f%, tp)(f%)

N)Ei)t,Tth = fo% tpff% + E)Ei)t,Tﬂ

best estimate forecast error

m

(8)
@ Macro Longevity Risk (Lee-Carter): pf(g%ﬂ = e T,
() = o)+ S0 1+ )

K('lé'?-t = "i('lg) + t-cle) + 6(Tgll +-- +6(Tglt
—_———

-~

best estimate forecast error

@ Interest Rate Risk (Vasicek): rip1 = p+0r +oery1, Re(t+1)=rt

t—1 t
rrTie = Mze' +0'rr + UZGF%TH
i=1 i=1
best estimate forecast error
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Recall: Three Sources of Risk

School of Economics and Management
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e We only consider a single group g (g suppressed from now on) at
time t.

@ Members of this group belong to a cohort (x, t). The number of
individuals belonging to cohort (x, t) is given by Ny ;.

@ All individuals have bought an immediate single life annuity from a
fund at time t. This annuity promises to pay off 1 unit per period,
starting in the next period t + 1.

— This assumption is not realistic but helps us come up with
closed-form solutions to illustrate the impact of the various risk
sources.

@ The fund invests the received payments in assets, in order to be able
to pay off the promised amounts of the annuities.
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Setting: Annuity Prices

@ The annuity prices are based on “best estimate” cohort life table at
time t, explicitly indicated by BE(t), i.e.,

[e.e]
BE(t) _ BE(t) 1
e =D h (L+Re(t+7)

=1

(t)

@ The pension fund's total liabilities LtBE are given by

LEEO 3 1y, a0,
xeX

@ At time t the fund’s total assets are denoted by A;.
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Recall: Funding Ratio =
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Assets and Technical Reserves Funding Ratios
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Setting: Funding Ratio

@ Thus, at time t, the fund’s funding ratio (FR;) is defined as

BE(t) At
FR; = 7LBE(t).
t
@ The funding ratio does obviously depend on all three sources of risk
under consideration.

o We ask the question: What can we say about FR;;1, considering

No risk

Micro longevity risk
Macro longevity risk
Interest rate risk

All risks combined
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No Risk: Assumptions

We first consider the case without risks under the following assumptions:
© The number of survivors equals the number of expected survivors (the
“best estimate”), i.e.,

BE(t
Nx+1,t+1 = Nx,tpx,t( )'

@ The "best estimate” cohort life table of time t + 1 follows from the
“best estimate” cohort life table of time t (by excluding the column
corresponding to time t), i.e.,

BE(t+1) _ BE(t)
px,t+1+7' - pX,t+1+T'

© Financial assets generate known returns ry;, between periods t + 7
and t + 7+ 1 with

re4r = Rt+7-(t + 74+ 1)

Christoph Hambel (TiSEM) Life Insurance Spring Term 2026 156 /191



No Financial Risk...

@ It's easy to check that without financial risk the following relation

holds
7—1
(1 + Re(t + T))T = H(l + riyr).
j=0
@ Proof:
o Consequently,
BE(t) = BE( )T_1 1
t t
ay = Px. T
X,t 7;1 THMXx,t J:HO 1 + ’3_1’_7—
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A Recursive Relation

@ We can now derive the following recursive relationship:

B BE(t) 1 BE(t)
= Px,t 1+rt(1+27- 1PX+1t+1H1+rJ+T)
T=

BE 1 BE( 1
= Py, r(t) (1 + Z P x+1tt)+1 H 1+7>

li+1+4r
_ BE(t) BE(t) 1
Pt 1 (1+ZTX+1f+11+Rt+1(t+1+7)>
BE(t) 1 BE(t+1
= px,t( )1 e (1 + x+§,t+1))
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Liabilities

o Consequently,

JBE(t) _ BE(®) 1 (1+aBE(t+1))

At = Pxt 1+r x+1,t+1
aBE(t)
BE(t+1) X,t
aX_‘_LH_l = (1 + rt)T(t) —1.
X,t

@ Therefore, the liabilities at t + 1 are now given by

BE(t+1 BE(t+1)
) Z Ni+1,e418,01 111

xXeX

BE(t QBE( )
Z x,tP X,t <(1 +r ) BE(t) 1)
xeX Pt
(1_|_ BE(t Z tP ff(t).

xeX
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@ The pension fund invests its assets at the capital market rate yielding
a return ry. Therefore, Air1 = Ae(1+ rt).

@ Using these assets, the fund pays off the first unit of the annuities to
all surviving members of the fund at time t + 1. The total payoff
equals

Z NX tpxt

XEX

@ Thus, the resulting value of the assets at time t 4+ 1 is given by

A1 =A 1+ft)—ZNxtflE:(t-
xeX
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Funding Ratio

@ The funding ratio at time t + 1 is thus

BE
FRBE(t+1) _ Avr Adl+r) =3 cx Nx,th,t(t)
t+1 = = .
Lot ™ 17500 4 ) = Sen Neepie

o Consequently, if

° FREE(t) < 1: the funding ratio declines over time.

° FRfE(t) = 1: the funding ratio stays stable over time.

° FRFE(t) > 1: the funding ratio increases over time.

Spring Term 2026
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Micro Longevity Risk: Assumptions

o We adapt the following no longevity risk assumption (Assumption 1,
Slide 156):
BE(t
Nx+1,t+1 = Nx,tpx,t( )-
@ Instead, we assume that survival probabilities are known in advance
although the remaining lifetime is uncertain. We assume that the
number of survivors after one period follows a binomial distribution:

N(g)

x+1,t41 ™ B(N(i): Pfft)) Vx € X.

X

@ The "best estimate” cohort life table of time t + 1 follows from the
“best estimate” cohort life table of time t (by excluding the column
corresponding to time t), i.e.,

BE(t+1) _ BE(t)
px,t+1+7' - px,t+1+7"
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No Interest Rate Risk

@ For the moment, we stick to the assumption that financial assets
generate known returns ry;, between periods t +7 and t 4 7+ 1 with

re4r = Rt+7(t + 7+ 1)

@ Under these assumptions, the recursive relationship for the price of an
annuity contract remains valid, i.e.,

BE(t) _  BE(t) BE(t+1)
ax,t - px,t m(l =+ ax+17t+1)7
BE(t)
BE(t+1) )t
aen = (1+ ft))ng(t) -1
px,t
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Assets, Liabilities, and Funding Ratio

@ We can now calculate the one-period-ahead assets, liabilities, and the
funding ratio:

@ Assets (same calculations as before):

Arr1 = A(l+r) — E Nut1,e41
———
XEX BE(t)

#Nxatpx,t

o Liabilities (same calculations as before):

BE(t)

BE(t+1 ax,t
Lt+1( )= Z NX+1 t+1 <(1 + rt) )I;E(t) - 1)
xeX px,t
@ Funding ratio:
[T == Ae(1+re) =D pex Nxvie41
t+1 = | BE(t+1) 2PE®
t+1 ZXEX NX+17H’1 ((1 + rt)pBE () 1)
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@ We illustrate micro longevity risk using the following stylized example.

e We consider one age group (x = 65) at one specific year (namely,
t = 2019).

@ We present results for males and females separately.

o We generate 10,000 scenarios.

@ We consider Ngs 2019 = 1,000, 10,000, and 50,000.

@ We assume ry =0 for all 7 > 0.

@ For the life table at time t, we use the Lee-Carter best estimate,

based on the sample of Dutch males and females 1970-2019.
o Males: gersorg) = 1.07%, pensots’) = 98.93%, agssoss = 18.95.

o Females: qfﬂg%g) = 0.76%, pf;féﬁ(fég) = 099.24%, af;'fgﬁ‘l’ég) = 21.96.
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Implementation in Matlab

@ To simulate a sample from a binomial distribution with parameters n
and p, you could make use of the command

binornd(n,p),

BE(2019
where n = Ngs 2019 and p = P65,2(019 )

@ To make a histogram of the data in the vector y (e.g., simulated
funding ratio), you could make use of the command

histogram(y,edges),

where edges is a vector with the edges of the histogram columns.

Christoph Hambel (TiSEM) Life Insurance Spring Term 2026 166 /191



UNIVERSITY

Histogram Survivors
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Histogram Funding Ratio
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Histogram Funding Ratio
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Histogram Funding Ratio
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Macro Longevity Risk: Assumptions

@ We adapt the following no macro longevity risk assumption
(Assumption 2, Slide 156):

BE(t+1) _  BE(t)
Px,t+147 = Px,t4i4r
@ Instead of assuming that the best estimate cohort life table of time
t + 1 follows from the best estimate cohort life table of time t, we
follow a model-based approach.

@ There are many ways in which Macro Longevity Risk can be
quantified.

@ We choose and illustrate one specific way, focusing on the Lee-Carter
approach.
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Macro Longevity Risk: Simplifying Assumptions

@ Recall that the best estimate survival probabilities are constructed as

follows:
BE #BE
px t-g—? - exp ( X t—(‘y—?)
@ where
_BE t)~BE
m, tJ(rtr) = exp (ax O+ B t+r(t))’

REEW) _ 20 4 20

@ The superindex t in case of ai), )(f),'( ) ngt) refers to the sample
based on which these parameters have been estimated, namely, the
sample with data from time tp =t— T totg+ T = t.
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Macro Longevity Risk: Simplifying Assumptions

School of Economics and Manag:

@ To keep the setting simple (although the notation is already
cumbersome), we make the following simplifying assumption:

@ Macro longevity risk only due to change in 55:1 ) compared to the

best estimate &, E(t) §t) + ¢(0):

Ag:ll) =&+ 20 4 541

@ We then (re-)estimate ¢(t*1), now using the sample with data from
tmetg=t—Ttotg+ T +1=t+1:

=6 _ (0 A(t41)  A(e41)
E(t) _ [t t—T /C\(Hl) _ t+1 Fey1- (T+1)
T-1 T

@ No macro longevity risk due to a possible change in a( ) o B)((Hl).
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ngevity Risk: Next Period’s Life Table

School of Ec

~(t) | 2(t)~BE(t)
BE(t —e A R r
o Recall: pX’tJ(rT) =e ¢ T

@ Therefore,

_ea£t+1)+3)((t+l)gBE(t+l)

BE(t+1) t+14T
px,t+1+'r -
_ A0 30 (R reler)
=e
(1) (t+1)
B e_ea(xt)+5£t) (RO4e0 15, g 4r L “LHIo(THD) )
A0, a5 a1
7 e,ea@m&f)(agt>+c4t>+(st+1+f ‘ e (T )
S0, () _ (1)
Ky '+cC K
_eait)+g)(<t) (Egt)+8(t)+-r t THl_(T“) +6t+1(1+%))
=e
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Macro Longevity Risk: Assets and Liabilities

@ Maintaining assumptions 1 and 3 from slide 156, we can now
calculate the evolution of assets and liabilities.
@ Assets (same calculations as before):

Atr1 = A(1+rt) Z Nyy1,t41

XEX
:Nx,tpx,t

1 + rt) Z x,td ff(t) - Z Nx,tpx,t

xeX xeX

o Liabilities (same calculations as before):

BE (t+1) BE(t+1) _ BE(t+1)
) E : Ny, t+19y 41 41 = Z Ny,tpx, t 41,641

xXeX xeX
where
7—1
BE(t+1) _ BE(t+1) 1
A1+l — Z TPx 41,41 11r o
T=1 i=0 t+14)
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Macro Longevity Risk: Funding Ratio

o Consequently, the funding ratio becomes
BE
(1 + rt) ZXEX nytaX,t(t) - ZXEX NX,tvat

BE(t+1)
ZXGX nytvataerl,tJrl

FRi11 =

@ To illustrate the effect of macro longevity risk, we consider only one
age group:
BE
(1+ rt)ax,t(t) — Px,t

BE(t+1)
Px,td5 11 141

FR:11 =
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@ We illustrate macro longevity risk using the following stylized example.

e We consider one age group (x = 65) at one specific year (namely,
t = 2019).
@ We present results for males and females separately.
@ We generate 10,000 scenarios.
o We assume ryy =0 for all 7 > 0.
o We assume 3¢ 1 ~ N (0, (0%8)2) with o{™ = 2.8653, o{") = 3.4771.

@ For the life table at time t, we use the Lee-Carter best estimate,
based on the sample of Dutch males and females 1970-2019.

o Males: gersorg) = 1.07%, persots’) = 98.93%, agssoss ) = 18.95.

o Females: qggégggg9> = 0.76%, pessoss) = 99.24%, 55’523‘1’;9) = 21.96.
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Implementation in Matlab

@ To simulate a sample from a standard normal distribution, you could
make use of the command

Z=randn(nrows,ncolumns).

@ The matrix Z with dimension nrows X ncolumns then contains
pseudo random numbers from a standard normal distribution.

o If X ~ N(p,0?), we can write X = p+ o Z, where Z ~ N(0,1).
This can be used to get a sample from a A/(u, o?)-distribution.
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Histogram Funding Ratio
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Interest Rate Risk: Assumptions

School of Ec

@ We now adapt Assumption 3 on Slide 156 that returns are known in
advance. We rather replace it by a term structure model for the
evolution of interest rates.

@ There are many ways to do this. As illustration, we shall make use of
the Vasicek model, applied to term structure data provided by DNB
(the Dutch Central Bank),

rev1 = i+ 0+ oepya, Re(t+1) =r.
@ Based on DNB-data from 2019, we find
re+1 = 0.0018 + 0.5522r: 4 0.0026¢4 1.

@ In the lecture Valuation and Risk Management (QFAS master), we
are going to study various other interest rate risk models and discuss
the pros and cons of these models.
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Interest Rate Risk: Fit to the Data

School of Ec
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Interest Rate Risk: Forecast

School of Ec

Range of term structures next year
1.5%

——DNB

1%

0.5%

0%

-0.5%

1%

-1.5% : : ‘ : : :
0 10 20 30 40 50 60

Time to Maturity in years

Christoph Hambel (TiSEM) Life Insurance Spring Term 2026 183 /191



Interest Rate Risk: Assets and Liabilities

@ Maintaining assumptions 1 and 2 on slide 156, we can now calculate
the evolution of assets and liabilities.
@ Assets (same calculations as before):

Arr1 =A(1+r) Z Nx+1 t+1

XEX
x,tPx,t

]. + rt) Z Nx td Eﬁ(t) - Z Nx,tpx,t

xeX xeX
o Liabilities (same calculations as before):
BE t+1) BE(t+1) _ BE(t+1)
Lty E Nut1,e418, 11 111 = E Ny,tPx,ta 1 ri1
XEX xeX

where

BE(t+1) _ i BE(t+1) 1

a = P 7
x+1,t4+1 2 TPx+41,t4+1 (1+ Resa(t + 1+T))
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Interest Rate Risk: Funding Ratio

o Consequently, the funding ratio becomes

(1 + rt) ZXEX nytaff(t) - ZXEX NX:tvat
BE(t+1) :

FRey1 =
ZXGX nytvataerl,tJrl

@ To illustrate the effect of interest rate risk, we consider only one age
group:
BE(t
(1+ rt)ax,t( ) Px,t

BE(t+1)
Px,td5 11 141

FR:11 =
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@ We illustrate interest rate risk using the following stylized example.

@ We consider one age group (x = 65) at one specific year (namely,
t = 2019).

@ We present results for males and females separately.

o We generate 10,000 scenarios.

o We assume ry11 = 0.0018 + 0.5522r; + 0.0026¢+,1 for all 7 > 0 and
Mo19 = —0.51%.

@ For the life table at time t, we use the Lee-Carter best estimate,

based on the sample of Dutch males and females 1970-2019.
o Males: qgnsote) = 1.07%, per savs = 98.93%, age sorg ) = 18.95.

o Females: qg;'j‘ggg;9> = 0.76%, p5;52§2;9> = 09.24%, 555232;9) = 21.96.
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Histogram Funding Ratio
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All Risks Combined

@ We now switch on all types of risk as described in the previous
sections.

@ In addition, we add stock market risk and allow the pension fund to
invest parts of its assets in risky stocks.

@ We assume an annual volatility of 0 = 20% and an expected annual
rate of return of = 5%, where the return is normally distributed,
ie., Rir1 ~ N(u,0?) (Markowitz model).

@ Assuming that the fund invests a fraction 7 of its assets in the stock
market, the assets evolve according to

Arp1 = A1 =) (L4 re) + Ar(L+ Rep1) = D Nuyrern
xeX

= At[]. + rt + TI'(Rt+1 — rt)] — Z Nx—&—l,t—‘,—l-
XEX
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Histogram Funding Ratio
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Histogram Funding Ratio
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