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The Lee & Carter (1992) Model rune

School of Ec

o Lee and Carter (1992) directly model the evolution of the central

death rate m)(ft) in a parsimonious way.

@ Death rate evolves stochastically according to the dynamics

|n(m)(ft)) _ a(Xg) + ﬁf(g)mgg) 4 L&)

X,t»
where 6553 ~iid. N(O,ag(g)). ozig) and ﬁ,((g) are age-specific
parameters.

@ Dynamics of the latent factor, typically modeled as a random walk
with drift:

8 = cle) 4 8, 1508,

where (5£g) ~iid. N(O, 0§<g>)-

Christoph Hambel (TiSEM) Life Insurance Spring Term 2023 71/190



(&)

Given the estimates of ay , and k;°’, we can forecast the best
estimates of the death rates, and hence the death probabilities:

(&) ng)

n(mE),,)=a® + BORE) =1, N

Consequently,

@ Original approach: Lee & Carter (1992):
o Estimation of a8, ﬂ , ) by singular value decomposition (SVD).
@ lterative minimization of sum of squared errors:

[In(m g)) o agg) . ﬁ)((g),{gg)]2

min .t

ol B8 k() 7
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Estimation: Original Approach

School of Economics and Manag:

@ The input to the model is a matrix of age-specific mortality rates (a
life table of group g).
o Let X be a set of size X of included ages, e.g., X ={0,...,90},
X =91.
o Let 7 be the set of size T of included periods, e.g.,
T = {1970,...,2021}, T = 52.

o First step: estimate aig) as the average over time of In(m

xeX, teT:

&)y,

@ Second step: Calculate the matrix

M(g):( n(m g))_a)((g) c RXXT

Myt )xGX,tET
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Estimation: First step
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M=U * V

mxn mxm mxn nNxn

3
| | 1

:
[ ] 1

U U* = Im

3
[ | 1

V V* - In

https://commons.wikimedia.org/w/index.php?curid=67853297

1
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Excursion: Eckart-Yang-Mierski Theorem
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Estimation: Original Approach — SVD

School of Ec

o Third step: Singular value decomposition can be performed
numerically.

@ Applying the singular value decomposition to the matrix

M@ = (In(m&)) — a® e RX*T

x,t )xeX,teT

yields three matrices U(8) € RX*X ¥(8) ¢ RX*XT and V(&) e RT*T
such that

Me) — yle)y(e)y(e)
@ Unlike standard OLS estimation, this method is not plagued by the
existence of multiple local minima. According to the

Eckart-Young-Mirsky Theorem, the global minima can be directly
obtained from the SVD decomposition.
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Estimation: Original Approach — SVD

School of Ec

@ Fourth step: Calculate the estimates @g), k\(tg) from

U@ = (. uE)) e RXXX and
vie) = (vl(g), ce v(Tg)) e RT*T,
@ Skipping all the technical details, one obtains under appropriate
normalizations (3, v 3% =1 and DoteT /i(tg) = 0) the estimates
B\)((g) _ ugg)

)

Egg) _ Z%*I) Vl(g)7

where Zggl) is the largest singular value.

@ Remark: The original SVD approach is equivalent to LS estimation.
We will discuss this in the tutorials.
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(&)

o Fifth step: Simulate KT g

i=1,...,N, ie., for N additional years.

@ One has to specify the dynamics of the time trend /@(g)

@ Well established and typically a very good fit:
()_C(g)_i_,i( &) +5()
Consequently, the time trend evolves like a random walk with drift
Aﬁgg) — & 5§g).

@ Estimation:

T (g) ()
1 Ky — K
o) = S Ak =
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Forecasting

@ Sixth step: Use the simulated data to predict the best estimates of
the future death and survival probabilities and to estimate confidence
intervals for these variables.

: : (g) (&) :
@ Perform a Monte-Carlo simulation for KTt and My T g 1€

simulate a large number of paths w € €, say | Q |= 10, 000.
@ Compute for each path w € Q the survival and death probabilities

_ml)
ﬁff%-l-ti(w) =¢€ X7T+tf( )’ /q\ff%—l-tf(w) =1- b\)(f;'-l-t,’(w)'

e Make a probability distribution (e.g., a histogram) for the forecasted
probabilities.

@ Derive the relevant moments from the resulting distribution such as
mean, median, standard deviation, skewness, 5% and
95%-quantile,. . ..
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Best Estimate Forecast -

School of Economics and Management

o 69

—— Males
-2 | —— Females

Males
—— Females

Age Age

50 T T T

o

Best Estimates:
-100

-150
-200

-250

-300 L L R
1950 2000 2050 2100 2150

Year

Christoph Hambel (TiSEM) Life Insurance Spring Term 20




+ UNIVERSITY

st Estimate Survival Probabilities
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Best Estimate Period Life Expectancy

School of Economics and Management

Best Estimate Period Remaining Life Expectancy at age 65
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Best Estimate Cohort Life Expectancy
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—— Males
120 - —— Females

110

105 -

100 -

90

80 1 L 1 1 L ]
0 20 40 60 80 100 120

Age

Christoph Hambel (TiSEM) Life Insurance Spring Term 2023 85/190



TILBURG  Ffff ¢ UNIVERSITY

Macro Longevity Risk — Forecast Error

@ We now consider future periods:
ARE) — o) 4 5

@ These dynamics imply

n(f}rt’_ = /f(f) +t-c& 4+ Z 5(7‘-"’J)rtj
N———r :
j=1

Best Estimate —_—
Forecast Error

@ Because 5§g) ~iid N(O, ag(g)), the distribution of the trend
component is

’f(ﬁ)tt,- NN(ﬁ(f) + t - c(g), tj - Ug(g))-
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ngevity Risk — Survival Probabilities
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Period Remaining Life Expectancy at age 65
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Macro Longevity Risk — Cohort Life Expectancy
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Ordinary Least Squares

@ Assume the Lee-Carter normalization (3, . @((g) =1and

DT “gg) =0).
@ In Problem 9, it is to show that the estimation of a ,ﬁx K by
the Singular Value Decomposition (SVD) is the same as m|n|m|2|ng

the sum of squared errors
. 2
min Z [In(m)(ft)) - oz)((g) — ﬁﬁg)ﬁ(tg)]
ol 88 & 7

w.r.t ozig),ﬁig), /ﬂgg).
@ This minimization is typically done iteratively'
@ minimize w.r.t. a( (all x), keeping all ﬂx ,/Qt fixed,
@ minimize w.r.t. ﬁx (all x), keeping all a)((g),/-@gg) fixed,
e minimize w.r.t. /i(tg) (all t), keeping all ai ), )(gg) fixed,
o keep iterating until convergence.
@ We will now dive deeper into this issue.
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The Necessity of Normalizations

o If a8 B8 §g) minimize the sum of squared errors

Z [|n( (g)) . ag(g) . B\)((g)k\gg)]2’

X,t

~(e)
then also a8 = a® + ¢ B(g B le) — Qﬁ ~(g R _a

(=} o’

@ So, we need two normalizations. Standard normalizations:
D oxex ﬁ>(<g) =land ) .7 Hgg) =0.

@ In the sequel we shall compare the standard normalization to the
normalization of Liu et al. (2019a & b), i.e., 3, 88 =1 and
D oxex Ox alf) =0 (see Problem 11).
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Interpretation rmalizations
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Standard Normalization (Lee-Carter)

@ Choose starting values for Bf(g), /-cgg) (with alf) = 3 Zthl In(my;

and under the standard normalization _ _ B,gg) =1and

DoteT ’igg) =0).
o Take average over x:

o Take time differences and then average over t:
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Estimates
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Alternative Normalization (Liu et al. 2019)

o Liu et al. (2019a,b) propose an alternative normalization which makes
estimation of the Lee-Carter model possible using linear regressions.

@ Choose starting values for agg), ,Eg), mgg) (under the Liu
normalization ) 3% =1 and Y owex alf) = 0).

o Take sum over x:

@ Run regressions for each x:
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Alternative Normalization (Liu et al. 2019)

e Start from the Lee-Carter model In(m (g)) =al® + B(g e) 5(g)
combined with the normalization ) _ . fx &) — 1 and D oxex agg) =

@ Define

26— 5 (e = 37 o)+ 40+ )

xXeX xeX
_ (&) (g)
=Ky + Z Ex,t
xXEX
——
:egg)

@ Assume now a random walk with drift for n(g).

o ZO0y A) glE)  )f)

t
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Alternative Normalization (Liu et al. 2019)

o Next, we substitute
20 = )1 208) 4 (5 4 o) — off)
into
|n(m>(ft) (g)+5(g (8) +€(g)

@ Thus, we arrive at

In(m)(ft)) _ ch 5(g)z(g) + (L8 (g) _ B(g)egg))’

Zt(g) (g)+Z(g)1+ (5(g)+e(g) eg)l)'

@ The parameters in these equations can be estimated in a single step,
applying standard linear regression techniques (possibly using
instrumental variables).
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Estimates (Liu et al. 2019)
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A Comparison
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kY vs. 3, log(m(’)) (Normalization Liu et al., 2019)
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@ Lee-Carter is not the end of the story. It is rather the benchmark
model that can be extended and modified into many dimensions.
@ Modeling is always a trade-off between:

e Tractability
e Parsimony
e Accuracy

@ Unfortunately, there is no unified model that works best in all
countries and in all populations. Instead, some of the variants work
better in some countries, others work better in other countries.

@ We will now briefly discuss some of the extensions and alternatives:
e Trend correction

Alternative estimation approaches

Jump-off bias correction

Alternative models

Multi-population models
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Trend Correction

@ Lee and Carter proposed to correct the estimated trend to fit the

actual number of deaths, i.e., replace /ﬁ;g &) by I-i(g) where rs(g) is

chosen such that

Z D)(f) _ Z E(g) exp (A(g + Bt 2(8)~ (g))

xeX xeX

@ Alternative estimation methods (see next slide for illustration)
incorporate this correction step.

102 /190
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Recall: Notation
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Alternative Estimation: Brouhns et al. (2002)

School of Ec

@ Instead of SVD or OLS estimation, one can also apply a maximum

likelihood approach to estimate the parameters a(g), )(<g), mgg).
o Avoids homoscedasticity of the errors occurring in OLS/SVD
estimation.
o Notice that the logarithm of the observed force of mortality is much
more variable at older ages than at younger ages.
@ Brouhns et al. (2002) model the number of deaths D( t) as
Poisson-distributed random variables.

@ Remember

D(g)

@ A reasonable model for would thus be

D) | EE) ~ P(UEEE).
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Alternative Estimation: Brouhns et al. (2002)

o Consequently,

D(g) | Eg) P(e” al8) +p8) i E(g;)).

Set up the log-likelihood function over all observations (x, t) and

maximize it with respect to all aig), >(<g), nﬁg):

®) 4 58, (@)
Uo, Br) = > [D( (08 + BB — L&) ol +oE e
(x,t)eXXT

@ This maximization has again to be done iteratively. Normalizations
such as ) .y Bx €) — 1 and doteT /@Eg) = 0 are also needed again.
This method is applied in the AG2022 model.
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Jump-off Bias
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Jump-off Bias Correction

o Lee-Carter model: r’ﬁig)TH = exp ( ae) + ﬁx HTH) i=1,...,N.

@ Problem: possibility of jump-off bias, i.e., r’ﬁigT #* m)(f.),-, where the

latter is observable.

@ To avoid this jump-off bias shift In ﬁv)(f-),-+ t A(g) + B(g)/i(-ﬁ)_t by

Inm&) — @¥ + BERE)

to get an alternative forecast (correcting for jump-off bias):
)((g_)’_H A(g + 5>(<g)"0(7§4)r +1n m(g) @ )((g) + B)((g)k\(_’g))
o)+ B, - )

Inm
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Jump-off Bias Correction and Reduction Factors

School of Economics and Manag:

e Going from the forecast m(g)TH = exp (A(g + B nﬁit)
i=1,...,Nto

05 = i)+ 5064, )

means replacing

o 4 = 23 erin m(g) by &8 = In mS)T,
° ’V':(Tj-t, by ’{('Igj—t, = H(ﬁj-t, A(Tg)

@ This way of avoiding the jump-off bias corresponds to the use of
reduction factors

~(g) (&) RFSft),-

mx T+t — mxT

with RF&) = exp (ﬂxg)[ﬁ(ﬁt 7)),
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Many Alternative Models

o Extensions of the Lee-Carter model
o Extra factor(s):

In(m®) = a® + &) k8 + pEKE) + ... + )

o Cohort effect:
In( (g))

o Modeling alternative indicators
o Cairns-Blake-Dowd (CBD-)models, see Exercise 15:

g

(%)

+ﬁg) (&) 4_7( g) (g) +€(g)

o Oeppen (2008):

Life Insurance Spring Term 2023
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Interpretation of the Time Trend

nd M
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rmance in Different Countries
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Average root mean square error (RMSE) over forecast horizon h of
the forecast life expectancy at birth for the period 1990 to 2014,
with the best RMSE value per country in bold and preferred set of
models (SP) for 18 countries, females and males

Females Males
Country M Q D L E SP Country M Q D L E SP
DEU-E 126 125 117 113 1.01 M,QDVLE DEU-E 235 235 222 211 193 E
DNK 117 115 076 091 096 D DNK 216 216 208 203 188 E
IRL 1.08 1.07 087 086 0.61 E IRL 213 212 209 190 1.67 E
PRT 0.77 075 045 035 1.10 L NLD 175 175 174 168 147 E
JPN 067 072 1838 159 157 M NOR 171 171 166 162 143 E
UK 065 0.64 0.38 047 040 D PRT 150 149 111 078 044 E
NOR 050 048 0.24 028 026 D ITA 128 127 096 092 052 E
NLD 050 049 056 051 049 M, Q,DLE ESP 125 123 0.81 078 052 E
AUT 0.47 046 036 033 033 MQ,DLE UK 123 122 093 098 088 DE
USA 0.43 044 066 057 060 M,Q CHE 120 1.19 079 0.89 078 D,E
ITA 031 030 052 041 076 Q AUT 111 111 085 0.83 062 E
AUS 027 0.26 0.38 030 040 M, Q,L SWE 108 1.08 093 095 0.81 E
ESP 024 0.23 0.33 034 087 Q FRA 1.03 102 053 066 065 D
FRA 023 023 069 052 059 M DEU-W 0.92 091 067 066 042 E
FIN 022 022 084 054 046 M, Q AUS 089 086 052 055 048 E
DEU-W 0.21 021 0.64 049 065 M FIN 087 086 042 056 047 D
CHE 021 022 082 059 058 M JPN 059 062 159 123 125 M
SWE 0.17 0.18 054 038 038 M USA 049 048 027 028 024 E
Mean 052 0.52 0.67 059 0.67 Mean 131 130 1.12 1.08 0.92

M.-P. Bergeron-Boucher,

Christoph Hambel (TiSEM)

, S. Kjergaard, J. Oeppen, J.W. Vaupel (2019)
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Multi Population Models

o Li and Lee (2005)
e Different populations do not live in isolation. Instead, there is a lot of

interaction.
o Therefore, it seems implausible that the mortalities of similar

populations will diverge in the long run.

o Similar populations have a common (non-stationary) time trend, while
the difference between each population’s time trend and the common
time trend is likely stationary.

e Traditional estimation to be done in multiple steps.

o Application: AG2022-Model

e Similar populations determined based on GDP per capita.
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